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This is the first of three papers that aim to bring the known theory of projective
modules over a hereditary Noetherian prime ring R up to roughly the same level as
the well-known commutative case, where R is a Dedekind domain. This first paper
lays the foundations by introducing the notion of an integral extension S of R in
the Goldie quotient ring of R, and elucidating the relationship between integrality
and the R-module structure of simple S-modules. © 1999 Academic Press
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1. INTRODUCTION
Throughout this paper R denotes a hereditary Noetherian prime ring—
an HNP ring, for short; thus every right and every left ideal of R is a finitely
generated projective R-module, and R is a prime ring. This is the first of
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three papers which bring the structure theory of projective R-modules up
to a level similar to that for a commutative Dedekind domain.
It has long been believed that, in any such theory, Dedekind prime rings
(HNP rings in which every left and every right ideal is a progenerator) ought
to play a role analogous to that of maximal orders in the theory of classical
hereditary orders (HNP rings that are module-finite algebras over a central
Dedekind domain). Thus one might hope that there were Dedekind prime
rings S which were overrings of R (by which we mean rings S lying between
R and its Goldie quotient ring Rquo) and were finitely generated over R.
This belief faltered when Stafford and Warfield produced examples of
HNP rings such that no Dedekind prime overring of R could be a finitely
generated R-module [13, 14]. However, Hodges showed [7] that an arbitrary
HNP ring R is always contained in a (right) Dedekind closure—a Dedekind
prime ring that displays some aspects of the desired role.
In this paper, we elaborate on Hodges’ results by showing that a
Dedekind closure S is (right) integral over R in the sense that, for ev-
ery finite set of elements of S, the ring generated by R and that set is a
finitely generated right R-module. In fact, we show that the maximal inte-
gral overrings of R are precisely the Dedekind closures of R. Furthermore,
we demonstrate precisely the nature of simple S-modules when viewed as
R-modules.
These results, several of which are implicit in Hodges [7], prove to be
what is required to carry out the hoped-for programme, connecting R tightly
enough with its Dedekind closures to yield the structure theory of projec-
tive R-modules. This programme is completed in two companion papers
[8, 9]. Here we present the theory of integral overrings independently of its
connection with projective R-modules, mainly for clarity of exposition but
also because it is of interest in its own right. Before describing our results,
we need to review the context in which they occur.
Context 1.1. (i) For simple right R-modules, define “W is the successor
of V , and V the predecessor of W (up to isomorphism)” to mean that W is
unfaithful and Ext1RV;W  6= 0. Then this partitions the (isomorphism types
of) simple R-modules into finite ordered sets closed under the relationship
of predecessor and successor [6]. We call these towers. We distinguish two
types of towers, cycle towers and faithful towers. A cycle tower has the prop-
erty that its elements, W1; : : : ;Wn say, are cyclically ordered; that is, Wn has
the successor W1. Hence all its elements Wi are unfaithful. On the other
hand, a faithful tower has the form W0; : : : ;Wn in which the top element
W0 is faithful (and therefore is not a successor) and the base element Wn
has no successor. Thus a faithful tower is linearly, not cyclically, ordered.
The term “tower” reflects the fact that every segment of (consecutive
elements of) any tower forms the sequence of composition factors of a
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unique uniserial R-module, listed from top to base. We call this the uniserial
module associated with the segment. Note that the italicized terms “top” and
“base” above refer to the fact that, when the segment is an entire faithful
tower the resulting uniserial module must have the top and base elements
of the tower as its top and base composition factors, respectively. Towers
are discussed in Section 3.
(ii) There is a bijection between the collection of overrings S of R and
the collection of sets Y of (isomorphism classes of) simple right R-modules.
In this correspondence, S is the overring that kills the simple modules W ∈
Y—that is, W ⊗R S = 0—and no other simple right R-modules. Moreover,
the simple S-modules are precisely those modules isomorphic to V ⊗R S,
where V ranges through the simple R-modules not killed by S; and the
natural map V → V ⊗R S is an essential R-monomorphism. See Section 4
for more about these results from [5].
Our contribution to this context begins with the fact that one can deter-
mine whether S is integral over R by the way that S interacts with simple
R-modules. In more detail, let S be an overring of R. We show: (i) S is
integral over R if and only if S kills neither all of the elements of any cy-
cle tower nor the base element of any faithful tower of simple R-modules;
(ii) SR is finitely generated if and only if S is integral and kills only finitely
many simple R-modules; and (iii) if S is (right) integral over R, then it is
also left integral if and only if S kills no faithful simple right R-module.
Next let U = V ⊗R S (VR simple) be any simple S-module, S integral
over R. By 1.1(ii) the R-socle of U is isomorphic to V . We sharpen this,
in a way that plays an important role throughout this series of papers, by
showing that the R-module U is uniserial (of finite length) and its composition
factors, from top to base, form the longest possible segment Va; : : : ; Vb = V of
an R-tower such that every Vi; i 6= b; is killed by S. We say that S merges the
segment Va; : : : ; Vb into the simple S-module U . Thus, when S is integral
over R, no simple R-module killed by S is lost in S. Rather, it reappears
as a nonbase R-composition factor of some unique simple S-module into
which it has been merged. Furthermore, one can explicitly describe all S-
towers: Replace each merged segment of each R-tower by the resulting
simple S-module.
The paper closes with one more characterization of integral overrings S
of R. We show that every such S can be characterised uniquely by the set
of unfaithful simple R-modules which are not a homomorphic image of SR.
This paper is organized as follows.
Sections 2–4 are introductory: Section 2 reviews some known properties
of finitely generated R-modules; Section 3 introduces towers and their as-
sociated uniserial R-modules; and Section 4 discusses more of Goodearl’s
theory of overrings of R.
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Then the main results of this paper are proved in three stages, in Sec-
tions 5–7, respectively. The first stage concerns the situation when R is the
idealizer of an isomaximal right ideal of S. Here the basic fact—from Rob-
son’s theory of idealizers—is that one simple S-module U is R-uniserial of
length 2 and the remaining simple S-modules are simple R-modules. Thus
U is “split into two parts” by the process of idealization. The second stage
is to iterate this idealization finitely often, thereby dealing with the situa-
tion in which SR is finitely generated. Finally we deal with a general integral
overring S of R which one may think of as an infinite iteration of the ide-
alizer situation. Direct limit arguments are used to obtain our results here
from those where SR is finitely generated.
Conventions. As the reader will have already observed, we usually ab-
breviate “right module” to “module” when the side does not matter or is
unambiguous. Similarly the prefix “right” attached to concepts such as “in-
tegral overring” and “Dedekind closure” is usually suppressed. We avoid
some trivialities by always assuming tacitly that R 6= Rquo. Finally, the dis-
tinction between a simple module and its isomorphism class is often glossed
over.
2. FINITELY GENERATED R-MODULES
First we recall that the uniform dimension of a finitely generated R-
module X is the largest number of nonzero summands in any direct sum
of submodules of X and is denoted by udimX.
Lemma 2.1. (i) Every finitely generated R-module X has a decomposi-
tion of the form X = P ⊕ T where P is projective, T (“torsion”) has finite
length, and P and T are unique up to isomorphism. In fact T is a unique
submodule of X.
(ii) P is a direct sum of modules isomorphic to uniform right ideals.
(iii) The number of such uniform summands of P is udimP.
Proof. See [10, Sects. 2.2 and 5.7].
We often use this without explicit mention. Another fact that we fre-
quently need is [10, 3.3.4]:
Lemma 2.2. Every uniform right ideal of R is isomorphic to a submodule
of every other uniform right ideal.
The same, of course, must be true for any two projective modules of the
same uniform dimension, since each is a direct sum of uniform right ideals.
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Lemma 2.3. Suppose that X and X ′ are finitely generated R-modules of
the same uniform dimension and with X ⊇ X ′. Then X/X ′ has finite length.
Proof. By [10, 5.4.5 and 6.3.10] one knows that R has Krull dimension
1. By [10, 2.2.10] X ′ is an essential submodule of X and so, by [10, 6.2.8],
the Krull dimension of X/X ′ is 0; that is, it has finite length.
One consequence of this is that any proper factor ring of R is Artinian. In
particular one has the next fact, which is used henceforth without reference.
Lemma 2.4. For every maximal ideal M 6= 0 there is a simple right R-
module V , unique up to isomorphism, such that VM = 0.
In fact much more is known about factor rings of R.
Lemma 2.5. (i) Every proper homomorphic image of the ring R is a gen-
eralized uniserial ring. ([4, 3.2] and, in sharper form, [11, 6.1].)
(ii) Consequently, every finitely generated unfaithful R-module has finite
length and is a direct sum of uniserial modules.
In this paper a uniserial module is a module of finite length that has
exactly one composition series.
3. TOWERS
Let V;W be simple R-modules. As mentioned in Context 1.1(i) we
call W the successor of V (and V the predecessor of W ) if W is unfaith-
ful and ExtV;W  6= 0. This notion of successor is well defined—up to
isomorphism—because of the following result of Goodearl and Warfield.
(Throughout this paper Ext denotes Ext1R unless otherwise stated.)
Lemma 3.1. (i) Let W be an unfaithful simple R-module. Then there
exists a unique simple module V such that ExtV;W  6= 0.
(ii) Let V be a simple R-module. If ExtV;W  6= 0 for some unfaith-
ful simple R-module W , then W is the unique simple module—faithful or
unfaithful—such that ExtV;W  6= 0.
Proof. This comes from [6, Theorems 11 and 12].
Remarks 3.2. It is important to be aware of precisely what this lemma
does and does not say. In the following comments, “unique” always means
“unique up to isomorphism.”
(i) Every unfaithful simple R-module W has a unique predecessor V .
(ii) If a simple module V has an successor W (necessarily unfaithful,
by definition), then W is the unique simple module—faithful or unfaithful—
such that ExtV;W  6= 0.
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(iii) It is possible that ExtW;W  6= 0 with W unfaithful, in which case
W is its own predecessor and successor.
(iv) It can easily happen that ExtV;W ′ 6= 0 for simple modules V;W ′
with W ′ faithful; and such a W ′ need not be unique, (e.g., see the end
of [6]). The only conclusion that can be drawn from Lemma 3.1 in this
situation is that V has no (unfaithful) successor W . For then Lemma 3.1(ii)
would yield the contradiction W ∼= W ′.
(v) Note further that Lemma 3.1(ii) does not say that every simple
R-module has a successor.
The next definitions, together with Theorem 3.4, use the notion of “suc-
cessor” to define the partition of the collection of (isomorphism classes of)
simple modules into the cyclically or linearly ordered finite sets that we call
towers.
Definitions 3.3. (i) A cycle tower of simple right R-modules is a se-
quence W1; : : : ;Wn of pairwise nonisomorphic unfaithful simple right R-
modules such that ExtWi;Wi+1 6= 0 for i < n, and ExtWn;W1 6= 0.
As suggested by the name, we consider W2; : : : ;Wn;W1 to be the same
cycle tower as W1; : : : ;Wn.
(ii) A faithful tower of simple right R-modules is a sequence W0;
W1; : : : ;Wn of pairwise nonisomorphic simple right R-modules, all unfaith-
ful except W0 which is faithful, such that ExtWi;Wi+1 6= 0 for 0 ≤ i < n,
and ExtWn;X = 0 for every unfaithful simple right R-module X (i.e., Wn
has no successor).
Hodges [7] uses the term “string” for the subset W1; : : : ;Wn of the
faithful tower W0;W1; : : : ;Wn.
We call W0 and Wn the top and base elements, respectively, of the faith-
ful tower W0; : : : ;Wn (for reasons that become evident in Theorem 3.9).
The notion of a tower, by which we mean a cycle tower or a faithful
tower, is fundamental in this series of papers. (The term R-tower refers to
a tower of simple right R-modules, in discussions involving more than one
HNP ring.)
A tower is trivial if it consists of a single simple module. In more detail,
a trivial cycle tower consists of a single unfaithful simple right R-module W
such that ExtW;W  6= 0. In this case, by Lemma 3.1, ExtX;W  = 0 =
ExtW;X for every simple R-module X 6∼= W . Thus the unique element W
of a trivial cycle tower is its own successor. A trivial faithful tower consists
of a faithful simple right R-module W0 such that ExtW0;X = 0 for every
unfaithful simple R-module X.
Theorem 3.4. Every simple right R-module belongs to a unique tower.
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This result appears implicitly in [6] in the sense that it follows almost
immediately from results which are presented there—albeit using differ-
ent terminology. The next several paragraphs and lemmas bridge the gap
between the terminology we are using and terminology in earlier papers
on HNP rings. Then a proof of Theorem 3.4 appears after the proof of
Lemma 3.7.
Recall that an ideal I of R is invertible if IJ = R = JI for some subset J
of Rquo [10, 4.2.5].
Lemma 3.5. Let N 6= 0 be a maximal ideal of R and W a simple R-
module such that WN = 0. Then:
(i) either N2 = N or N is invertible;
(ii) N is invertible if and only if ExtW;W  6= 0.
Proof. (i) is [3, 2.2] and (ii) is part of [6, Propositions 2 and 4].
Recall that, for a nonzero ideal or, more generally, an essential right ideal
I of R, OrI and OlI denote the right order and left order, respectively,
these being defined by OrI = x ∈ Rquo  Ix ⊆ I and OlI = x ∈
Rquo  xI ⊆ I. We note, by [10, 3.1.12], that these are indeed orders in
Rquo—that is, rings whose right and left Goldie quotient rings equal Rquo.
For maximal ideals M1;M2 of R, one says that there is a link from M1 to
M2 if OrM1 = OlM2.
Lemma 3.6. Let W be an unfaithful simple right R-module. Then Ext
W;W ′ 6= 0 for some unfaithful simple module W ′ if and only if there is a
link from annR W ′ to annR W . Moreover, annR W is linked to itself if and only
if annR W is invertible.
Proof. This appears in Corollary 10 of [6]. Then the final statement
follows from Lemma 3.5.
A cycle of maximal ideals of R, introduced in [3, p. 91], is a sequence
M1; : : : ;Mn of nonzero maximal ideals such that OrMi = OlMi+1 for
i < n and OrMn = OlM1. A single invertible maximal ideal M is con-
sidered to be a trivial cycle since OrM = OlM = R in this case. Thus,
maximal ideals that occur in trivial cycles (i.e., that are linked to them-
selves) are invertible [Lemma 3.6]. All other maximal ideals are idempo-
tent [Lemma 3.5]. A string (or chain) of maximal ideals is a finite sequence
of nonzero idempotent maximal ideals M1; : : : ;Mn such that there is a link
from each term to the next, no link from the last term to another maximal
ideal, and no link from any maximal ideal to the first term. In particular,
this definition means that the string cannot be extended in either direction.
Lemma 3.7. For simple right R-modules Wi we have
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(i) W1; : : : ;Wn is a cycle tower if and only if annRWn; : : : ; annRW1
is a cycle of maximal ideals;
(ii) W0; : : : ;Wn is a faithful tower if and only if annRWn; : : : ;
annRW1 is a string of maximal ideals, W0 is faithful, and ExtW0;W1 6= 0.
Proof. This follows from Lemma 3.6.
Proof of Theorem 3.4. Let M1; M2; M3; : : : be an infinite link sequence
of maximal ideals; i.e., for each i, we have OrMi = OlMi+1. In [6, Corol-
lary 21] it is shown that there exists a positive integer n such that Mi =Mj
if and only if i ≡ j mod n. Thus, if the link sequence is infinite, it must
be a cycle repeating itself. This ensures that a sequence of linked maximal
ideals which is not part of a cycle must terminate. Hence there is no rep-
etition within the sequence. Moreover, if such a sequence is extended in
the opposite direction, as : : : ;M−1; M0; M1, then the left–right symmetric
version of [6, Corollary 21] shows this too must terminate. Thus every max-
imal ideal is a member of either a cycle or a maximal length, but still finite,
link sequence—i.e., a string.
Combined with Lemma 3.7, this shows that every unfaithful simple mod-
ule belongs either to a cycle tower or else to a finite, maximal length se-
quence of unfaithful simple modules, say W1; : : : ;Wn, each the successor of
the preceding one. By Lemma 3.1, there is a unique faithful simple module
V with ExtV;W1 6= 0. Then V; W1; : : : ;Wn is a faithful tower.
The fact that each faithful simple module V belongs to a faithful tower
is almost obvious; for either it is the top of a faithful tower of length n+ 1
with n > 0 as above, or else it alone forms a trivial faithful tower of length 1.
Finally, the uniqueness of the tower follows directly from the uniqueness
provided by Lemma 3.1.
We note that there are examples which indicate a wide range of possibili-
ties. Thus [14, Example A] gives an example where there are infinitely many
nontrivial cycle towers, one of length p for each prime integer p. As the au-
thors point out in a remark at the end of Section 2, this can be amended to
yield arbitrary numbers of such cycle towers for each p. Another example,
[14, Example B], shows that there can be infinitely many nontrivial faithful
towers—although in that example, all the nontrivial towers have length 2.
We do not know any complete description of what combination of lengths
of cycle towers and faithful towers can occur in an arbitrary HNP.
Next we associate uniserial modules with towers, using the following re-
sult of Goodearl and Warfield [6, Lemma 18].
Lemma 3.8. LetW1; : : : ;Wn be simple R-modules such that ExtWi;Wi+1
6= 0. Then there is a uniserial R-module whose composition factors, listed from
top down, are precisely W1; : : : ;Wn.
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We define a segment of an n-element tower to be a sequence Wa; : : : ;Wb
consisting of n or fewer consecutive elements of that tower. We call Wa the
top of the segment and Wb the base. The terms top and base are explained
by the following result.
Theorem 3.9. (i) Given a segment Wa; : : : ;Wb of a tower there is a
uniserial R-module, unique up to isomorphism, whose composition factors
from top to base are precisely Wa; : : : ;Wb.
(ii) Conversely, given a uniserial module having no repetition of com-
position factors and with all composition factors except possibly the top one
unfaithful, its composition factors, from the top down, form a segment of a
tower.
Proof. (i) Existence of the uniserial module is a special case of
Lemma 3.8. To show its uniqueness we define sociX, the ith socle of
an R-module W inductively, by soc0X = 0 and sociX/ soci−1X =
socX/ soci−1X for i ≥ 1. Also, let EX denote the injective hull of X.
Note that every uniserial module is contained in the injective hull of its
socle. The uniqueness desired now follows easily by repeated use of the
following excerpt from [6, Theorem 19].
Let W be an unfaithful simple R-module, and let Ei = sociEW /
soci−1EW  for i ≥ 1. If n is the least integer such that En is faithful,
then Ei is a simple module for all i ≤ n. If no En is faithful then Ei is a
simple module for all i.
(ii) For any uniserial module, consecutive composition factors have
a nonsplit extension. This link between consecutive factors shows, using
Theorem 3.4, that the composition factors form a segment of a tower.
Note. Suppose that the segment in Theorem 3.9(i) consists of an entire
tower. In the case of a cycle tower, the uniserial module may be extended
up or down, but only by the repetition of the same tower of simple modules.
On the other hand, the uniserial module associated with a faithful tower
may or may not be extendable. If it is, the next simple module after the
base would need to be faithful.
There is a connection between invertible ideals and cycles.
Lemma 3.10 [3, 2.5]. Distinct maximal ideals M1; : : : ;Mn form a cycle
(when suitably ordered) if and only if I x= Tni=1Mi is maximal among the
invertible ideals of R.
R is said to be a Dedekind prime ring if every nonzero ideal is invertible or,
equivalently, if every left and every right ideal is a progenerator [10, 5.2.10].
More generally, R has enough invertible ideals if every nonzero ideal of R
contains an invertible ideal. These definitions can be restated in terms of
towers:
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Lemma 3.11. (i) R is a Dedekind prime ring if and only if every tower
of simple right modules is trivial.
(ii) R has enough invertible ideals if and only if every faithful tower of
simple right modules is trivial.
Proof. (i) One can see from [3, 4.2, 4.5, and 4.6] that R is a Dedekind
prime ring precisely when no nonzero maximal ideal is idempotent; i.e.,
when all towers are trivial.
(ii) [3, 4.7] shows that R has enough invertible ideals precisely when
each nonzero idempotent maximal ideal belongs to a cycle; that is, when
each unfaithful simple module belongs to a cycle tower. That, by Theo-
rem 3.4, is equivalent to R having no nontrivial faithful towers.
4. OVERRINGS
This section gathers together the facts that we need from Silver’s local-
ization theory and its application by Goodearl to HNP rings. Recall that,
by an “overring” S of R we mean a ring such that R ⊆ S ⊆ Rquo; and we
say that S “kills” a simple R-module V if V ⊗R S = 0.
Definitions 4.1. For x ∈ Rquo let x¯ = x + R ∈ Rquo/R. Since udim
Rquo = udimR, Lemma 2.3 implies that x¯R has finite length. Now let Y be
a set of isomorphism classes of simple right R-modules and set
RY = x ∈ Rquo  every composition factor of x¯R belongs to Y}:
4:1:1
Goodearl [5, p. 138] shows that this is an overring of R (and calls it the
localization RX of R at X , where X is the set of isomorphism classes of
simple R-modules not in Y).
Statements (i) and (ii) of the following theorem show that we can refer
to RY unambiguously as the overring of R that kills precisely the simple
modules in Y .
Theorem 4.2. Let S be any overring of R. Then
(i) S = RY where Y is the set of simple right R-modules killed by S.
(ii) RY ⊂ RY ′ if and only if Y ⊂ Y ′.
(iii) The set of simple right R-modules killed by S coincides with the set
of R-composition factors of cyclic submodules of S/R.
(iv) S is a flat epimorphic extension of R. That is, S is flat as both a
left and right R-module, and the natural surjection S ⊗R S S is a bijection.
(v) S is an HNP ring with quotient ring Rquo.
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(vi) Let M;N be S-modules. Then HomRM;N = HomSM;N. In
particular, if M and N are isomorphic as R-modules then they are isomorphic
as S-modules.
Proof. See Goodearl [5, Proposition 2 and Theorem 5], noting that his
terminology focuses on RX rather than RY.
For any simple right R-module Y , let RY  be the overring of R that
kills precisely Y .
Corollary 4.3. Every overring S = RY of R is equal to the subring of
Rquo generated by the rings RY  for Y ∈ Y .
Proof. If Y ∈ Y then S kills all the simple R-modules killed by RY ,
namely, Y itself; and therefore S ⊇ RY  [Theorem 4.2]. Therefore S ⊇ S′
where S′ is the ring generated by all such RY .
To get the opposite inequality, it suffices to show that S′ kills every Y ∈
Y; and this holds, by Theorem 4.2, because RY  ⊆ S′ for each Y .
One can describe precisely how to obtain all simple RY-modules from
simple R-modules.
Theorem 4.4. Let S = RY, and W be a simple right R-module.
(i) If W 6∈ Y then W ⊗R S is a simple S-module. When viewed as
an R-module, the socle of W ⊗R S is W ⊗ 1 ∼= W and this is an essential
submodule of W ⊗R S.
(ii) Every simple right S-module is isomorphic to W ⊗R S for some
W 6∈ Y .
Proof. See Goodearl [5, Theorem 3].
Remarks 4.5. (i) Let W;W ′ be simple right R-modules not killed by
S. We note, by Theorem 4.4(i), that W ∼= W ′ as R-modules if and only if
W ⊗R S ∼= W ′ ⊗R S as S-modules. Moreover, Theorem 4.2(vi) shows that,
in the preceding sentence, the phrase “as S-modules” can be replaced by
“as R-modules.”
(ii) Let S be any overring of R and M any S-module. Then
M ⊗R S =M; 4:5:1
where the equality sign means that the canonical map m ⊗ s → ms is a
bijection. This holds because S is an epimorphic extension of R [Theo-
rem 4.2(iv)] and so M ⊗R S =M ⊗S S ⊗R S =M .
More generally, if M is an R-module such that the natural R-homomor-
phism M →M ⊗R S is a bijection, we say that M =M ⊗R S and that M is
naturally an S-module.
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(iii) (Inductive setup.) Let S be the overring of R that kills precisely
a given finite number of nonisomorphic simple R-modules V1; : : : ; Vn, and
let T be the overring of R that kills precisely V1; : : : ; Vm for some m such
that 1 ≤ m < n. Then R ⊂ T ⊂ S [Theorem 4.2]. Moreover, Theorem 4.4
shows that
the simple T -modules killed by S are Vm+1 ⊗R T; : : : ; Vn ⊗R T; 4:5:2
and
for any T -module X we have X ⊗T S ∼= X ⊗R S; 4:5:3
since by (4.5.1), X ⊗T S ∼= X ⊗R T ⊗T S:
We need to consider extensions of simple modules in later sections.
Lemma 4.6. Let S be an overring of R, and NS;MS be right S-modules.
Suppose that there is a short exact sequence of R-modules
0→ N → X →M → 0:
Then X ∼= X ⊗R S and the sequence above is a short exact sequence of S-
modules. Hence
Ext1RM;N ∼= Ext1SM;N:
Proof. Given the short exact sequence
0→ N → X →M → 0;
we tensor it with the flat R-module S getting
0→ N ⊗R S→ X ⊗R S→M ⊗R S→ 0:
However N ⊗R S ∼= N and M ⊗R S ∼= M . It follows from the Five lemma,
that the natural map X = X ⊗R R→ X ⊗R S is an isomorphism. Therefore
the given short exact sequence can be viewed as one of S-modules. The
isomorphism of Ext groups follows.
5. IDEALIZERS
This is the first of three sections in which we prove our main results
about overrings S of R that are module-finite or, more generally, integral
over R. As mentioned in the Introduction, this section concerns the basic
case when R is an idealizer subring of S.
For a right ideal N of a ring S we set 	SN = x ∈ S  xN ⊆ N, the
idealizer of N in S. The right ideal N is called isomaximal if S/N is the
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direct sum of mutually isomorphic simple right S-modules. We note that,
when N is isomaximal, either 	SN = S or else SN = S, the latter being
the case of interest.
All of the results in this section either assume or prove that we are in
the following basic situation:
(5.0.1) R = 	SN where S is an overring of R and N is an isomaximal
right ideal of S such that SN = S. Further, U denotes a simple S-module
such that S/N ∼= Un for some n ≥ 1.
The first lemma of this section uses Robson’s theory of idealizers, to show
that, in this basic situation, there is precisely one simple (right) S-module
that is not simple as an R-module, namely, U . In fact, UR is uniserial of
length 2, having two nonisomorphic composition factors. The remaining
simple R-modules coincide with the remaining simple S-modules. [In the
present paper we think of the two R-composition factors of U as being
“merged” into the simple S-module U .] The next lemma, like most of the
results in this section, adds further details which are used later.
Lemma 5.1. In basic situation (5.0.1):
(i) N is an idempotent maximal ideal of R and UR is uniserial of
length 2. (Call its top and base composition factors V;W respectively.)
(ii) S/R ∼= V n and R/N ∼= W n as right R-modules.
(iii) V is the unique simple right R-module killed by S, U ∼= W ⊗R
S as S-modules, and every simple right R-module X other than V and W
is naturally a simple S-module, that is, X = X ⊗R S. Furthermore, VR is
unfaithful if and only if US is unfaithful, and XR is unfaithful if and only if
XS is unfaithful.
(iv) S is a finitely generated right R-module.
(v) V;W forms a segment of a tower of simple R-modules.
(vi) Let U ′ be a nonsplit extension of W by V . Then U ′ ∼= U both as
an R-module and as an S-module.
(vii) Every simple S-module is either a simple R-module or else is iso-
morphic to U .
Proof. (i), (ii) N is idempotent since N2 = NSN = NS = N . Since N
is isomaximal, the endomorphism ring EndSS/N is simple Artinian. Then
the ring isomorphism 	SN/N ∼= EndSS/N shows that N is a maximal
ideal of R. The remaining assertions in (i) and (ii) are now restatements of
[10, 5.5.5(ii)] (but beware of an awkward mismatch of notation!).
(iii) Statement (ii) yields a short exact sequence N ↪→ RW n. Ten-
soring this with the flat left R-module S yields the short exact sequence
320 levy and robson
NS ↪→ S W ⊗R Sn. Therefore
W ⊗R Sn ∼= S/NS = S/N ∼= Un:
The Krull–Schmidt theorem for S-modules of finite length then yields W ⊗R
S ∼= U , as desired. Since R⊗R S = S⊗R S = S [by Theorem 4.2], we deduce
that S/R ⊗R S = 0 and hence V ⊗R S = 0.
Let X be any simple right R-module other than V;W . Then there is a
simple S-module Y such that X ∼= Y as R-modules [11, 2.4]. Since S is
an epimorphic extension of R [Theorem 4.2] we see [Remarks 4.5] that
X ⊗R S ∼= Y ⊗R S = Y , as desired.
These facts show that V is the unique simple R-module killed by S.
The claims about unfaithfulness are easily verified, once one notes that a
nonzero annihilator ideal in S has nonzero intersection with R since RR is
essential in SR.
(iv) With OrN defined as above Lemma 3.6, note that S = OrN
by [10, 5.6.7]. By [10, 5.6.6], OrN is right equivalent to R. Since R is
Noetherian, SR is therefore a finitely generated module.
(v) This follows from (i); for W is unfaithful (with annihilator N)
and, since U is uniserial, ExtV;W  6= 0.
(vi) Theorem 3.9 shows that U ∼= U ′ as R-modules and so U ⊗R S ∼=
U ′ ⊗R S as S-modules. However (iii) above shows that U , and hence also
U ′, has an S-module structure and so, by Remarks 4.5(i), U ∼= U ⊗R S and
U ′ ∼= U ′ ⊗R S. Hence U ∼= U ′ as S-modules too.
(vii) Combine (iii) with Theorem 4.4(ii).
Lemma 5.2. In basic situation (5.0.1), if Y is a uniserial S-module then
Y is uniserial when viewed as an R-module.
Proof. See [11, Corollary 1.5].
The next result describes, from the perspective of R, circumstances under
which the basic situation occurs. It uses the notation RV  which is defined
above Lemma 4.3.
Lemma 5.3. The following statements about an overring S of R and a
simple R-module V are equivalent.
(i) S = RV  and SR is finitely generated.
(ii) S = RV  and V is neither the only element of a trivial tower of
simple R-modules nor the base of a nontrivial faithful tower.
(iii) There is an isomaximal right ideal N of S such that S;R;N form
a basic situation with S/R ∼= V n for some n.
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Proof. (iii)⇒ (i) and (iii)⇒ (ii) These are part of Lemma 5.1.
(i)⇒ (iii) Since S kills precisely one simple right R-module, there are no
rings properly between R and S [Theorem 4.2].
Choose a finite set of generators si for SR. Since Rquo is the left (as well
as right) quotient ring of R, there is a regular element d of S such that
dsi ∈ R for all i [10, 2.1.16]. Therefore dS ⊆ R. Since also R ⊆ S, the
order S is right equivalent to R. Therefore [10, 5.6.6] shows first that there
is an idempotent ideal N 6= 0 of R such that S = OrN and then, since
there are no rings properly between R and S, that N is maximal among
the idempotent ideals of R. Therefore, by [10, 5.6.10], N is a maximal ideal
of R. Moreover, by [10, 5.6.7], N is an isomaximal ideal of S, SN = S and
R = 	SN, completing the proof that (iii) holds.
(ii)⇒ (iii) V occurs in some tower, by Theorem 3.4. Since V is neither
the only element of a trivial tower nor the base of a nontrivial faithful tower,
the definition of towers shows that there exists an unfaithful simple right
R-module W 6∼= V such that ExtV;W  6= 0 . Therefore N x= annRW  is a
nonzero maximal ideal of R. Since ExtV;W  6= 0 with V 6∼= W , Lemmas 3.5
and 3.1 show that N is idempotent.
Let S′ = OrN ⊇ R. Since N is an idempotent maximal nonzero ideal
of R, [10, 5.6.7] shows that N is an isomaximal right ideal of S′, S′N = S′
and R = 	S′ N. Thus it now suffices to show that S′ = S. However, by
Lemma 5.1, V is the unique simple right R-module killed by S′. Therefore
S and S′ are rings between R and Rquo that kill the same set of simple right
R-modules. Therefore S = S′ by Theorem 4.2.
The next result describes the relationship between R-towers and S-
towers.
Lemma 5.4. In basic situation (5.0.1), let V;W be the simple R-modules
such that U is a nonsplit extension of W by V . Let C be an S-tower.
(i) Suppose that U ∈ C, and let C′ denote the sequence obtained from
C by replacing U by V; W . Then
(a) C′ is an R-tower; and
(b) C′ is an R-cycle tower if and only if C is an S-cycle tower.
(ii) If U 6∈ C then C itself is an R-tower; and C is an R-cycle tower if
and only if it is an S-cycle tower.
Proof. (i)(a) Let C = U1; : : : ; Un, with U equal to some Ui. By The-
orem 3.9 there is a unique uniserial S-module X whose composition fac-
tors, from top to bottom, are U1; : : : ; Un. By Lemma 5.2, Y is a uniserial
R-module. Its composition factors are the simple R-modules listed in C′.
Hence C′ is certainly a segment of an R-tower.
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If C′ is not a complete R-tower then there is a simple R-module X, not
isomorphic to any Ui, such that either (i) ExtUn;X 6= 0 and X is unfaith-
ful, or (ii) ExtX;U1 6= 0 and U1 is unfaithful. By Lemma 5.1(iii), X is
also a simple S-module; therefore Ext = Ext1R in (i) and (ii) of the preced-
ing sentence may be replaced by Ext1S [Lemma 4.6]. But this contradicts the
fact that C is an entire S-tower, completing the proof of (i)(a).
(i)(b) This follows easily from the fact that a tower is a cycle tower
if and only if its members are all unfaithful.
(ii) This is proved in the same fashion as statement (i).
6. FINITE OVERRINGS, MERGING
We start this section by making precise a notion mentioned informally in
the preceding section and in the Introduction.
Definition 6.1. Let M be a collection of nontrivial disjoint segments of
R-towers. We say that S is the overring determined by merging the segments
in M (into simple S-modules) if (i) and (ii) hold:
(6.1.1) (i) For each segment in M, the associated uniserial R-module
U (whose R-composition factors, from top to bottom, form that segment)
is a simple S-module; that is, the natural R-homomorphism U → U ⊗R S
is an isomorphism and the S-module U ⊗R S is simple.
(ii) Each simple R-module not belonging to a segment in M is a sim-
ple S-module.
One consequence of Lemma 5.1 is that, in the basic situation described
there, the ring S is determined by merging the single segment V;W . In
general, it is not immediately clear that such overrings S always exist or (as
suggested by the terminology) are unique. However, this is demonstrated
in Theorem 7.7. Indeed the next section shows that the rings S arising this
way are precisely the integral overrings mentioned in Section 1. This section
covers the case when M is finite. It turns out that S is then a finite overring
of R; that is, SR is finitely generated.
Before mentioning some immediate implications of the conditions in
Definition 6.1, we remove a possible ambiguity by recalling, from Theorem
4.2, that two S-modules are isomorphic if and only if they are isomorphic
as R-modules.
Lemma 6.2. The following are consequences of (i) and (ii) above:
(iii) All simple S-modules arise either as in (i) or (ii). In particular, if U
is a simple S-module arising as in (i) and if W is the base of the corresponding
R-segment, then U ∼= W ⊗R S.
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(iv) The simple modules killed by S are precisely those simple modules
which belong to, but are not the base of, a segment in M.
(v) In particular, S does not kill any entire cycle tower and does not
kill the base of any faithful tower.
(vi) S is uniquely determined by M.
(vii) A simple S-module obtained as in (i) is unfaithful if and only if its
top R-composition factor is unfaithful.
Proof. We know from Theorem 4.2 that every simple S-module has the
form W ⊗R S for some simple R-module W and that W is the R-socle of
W ⊗R S. Now let W be any simple R-module. If, as in (ii), W does not
belong to any segment in M, then W ⊗R S ∼= W and W is not killed by
S. Otherwise, W belongs to a segment in M. Let the associated uniserial
R-module be U . By hypothesis, U is a simple S-module. If W is the base
of the segment then it is the socle of UR; hence W ⊗R S ∼= U and W is not
killed by S.
We claim that S kills all other R-composition factors of W , that is, all
composition factors of U/W . To see this, tensor the short exact sequence
W ↪→ UU/W by the flat left R-module S. This yields the short exact
sequence whose first two terms are U (the second because U is an S-
module). Therefore S kills U/W ; and flatness of S then shows that S kills
all composition factors of U/W .
This establishes (iii) and (iv); and then (v) follows. The uniqueness in
(vi) comes because overrings are specified by the simple modules they kill
[Theorem 4.2].
(vii) If each composition factor of a uniserial R-module U is unfaith-
ful, the product of the annihilator ideals annihilates U (and is nonzero since
R is prime). Conversely, suppose that US is unfaithful. Then the annihila-
tor of U in S has nonzero intersection with R since RR is essential in SR.
Hence UR and all of its composition factors, are unfaithful.
We now turn to the special case when M is finite. We know that any
overring of R is uniquely specified by the simples it kills; and the preced-
ing result identifies which simple R-modules S would have to kill. The next
result shows that the specified overring does have the appropriate proper-
ties.
Theorem 6.3. Let M be a finite collection of nontrivial disjoint segments
of R-towers, and let S be an overring. The following are equivalent:
(i) S is the overring of R determined by merging the segments in M.
(ii) S is the overring of R that kills precisely those simple modules which
belong to, but are not the base of, a segment in M.
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When the conditions hold, S is a finite overring of R and every uniserial S-
module remains uniserial as an R-module.
Proof. (i)⇒ (ii) This is clear from the lemma above.
(ii)⇒ (i) and the supplementary statement. The proof is by induction on
the number n of simple R-modules killed by S. The case n = 1 is proved
by Lemmas 5.3, 5.1 and 5.2. Now we assume (ii)⇒ (i) and the supplemen-
tary statement for n − 1 and deduce them for n. Choose one of the seg-
ments in M; say V;W2; : : : ;Wt. Let M′ denote the same set of segments
as M except that the segment V;W2; : : : ;Wt is replaced by the subseg-
ment W2;W3; : : : ;Wt. Let T be the overring of R killing the same simple
R-modules as does S, except that V is not killed by T . By the induction
hypothesis, T is the overring of R determined by merging the segments in
M′, TR is finitely generated, and uniserial T -modules remain uniserial as
R-modules.
Note that R ⊂ T ⊂ S. Also, by the induction hypothesis and the def-
inition of merging, the fact that V is not in any of the segments in M′
implies that V is a simple T -module and so V ∼= V ⊗R T . That implies, by
Remark 4.5, that V is the unique simple T -module killed by S.
Let U be the uniserial R-module associated with the segment V;W2;
: : : ;Wt. Then its unique maximal submodule W is the uniserial R-module
associated with the subsegment W2; : : : ;Wt, and is merged by T into a
simple module. Note that all of the simple R-modules in this subsegment
are unfaithful since only the top element V of the original segment can be
faithful. Therefore WT is unfaithful [Lemma 6.2(vii)]. Now UR is a non-
split extension of W by V , and yet each of V;W is a simple T -module. By
Lemma 4.6, U is a nonsplit extension as a T -module too. Therefore V;W 
forms a T -segment. We can therefore apply the case n = 1 to conclude that
S is the overring that is determined by merging the single T -segment V;W 
into the simple S-module, U , as desired. The fact that the remaining seg-
ments in M are merged properly by S follows from the fact that they are
merged properly by T and then not changed by passage from T to S.
To prove the supplementary statement, first note that, by the case n = 1
and the induction hypothesis, both ST and TR are finitely generated; hence
so is SR. Similarly, any uniserial S-module is uniserial as a T -module, by
the case n = 1, and hence is uniserial as an R-module by the induction
hypothesis.
Now we show that the same merging process, that converts segments of
towers of simple R-modules into simple S-modules, also converts R-towers
into S-towers. This result is a straightforward extension of the correspond-
ing result in the basic situation considered in Lemma 5.4.
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Theorem 6.4. Let S be the finite overring of R determined by merging a
finite set M of disjoint segments of R-towers. The collection TS of S-towers can
be obtained from the collection TR of R-towers by replacing each segment in M
by the simple S-module into which it is merged. Moreover, this correspondence
takes faithful towers to faithful towers and cycle towers to cycle towers.
Proof. Once again we use induction on the number n of simple R-
modules killed by S. The case when n = 1 is covered by Lemma 5.4.
Let T be constructed as in the proof of Theorem 6.3. Thus T merges
all the segments of M except for one segment V;W2; : : : ;Wt where only
W2; : : : ;Wt is merged by T , say into the simple T -module W . Then the
induction hypothesis tells us that the towers in T are as claimed here for S
except only that in one T -tower there are consecutive terms V;W the first
of which is the unique simple T -module killed by S.
By Lemma 5.3 the inclusion T ⊂ S is an instance of basic situation (5.0.1).
We can therefore apply Lemma 5.4 for the step from T to S.
Corollary 6.5. The following assertions about an overring S of R are
equivalent.
(i) S is a finite overring of R.
(ii) S is determined by merging a finite number of disjoint segments of
towers of simple right R-modules.
(iii) S kills only finitely many simple R-modules, and kills neither any
entire cycle R-tower nor the base element of any faithful R-tower.
Proof. (i)⇒ (iii) Suppose first that S kills the base element V of some
faithful R-tower, and let T be the overring of R that kills precisely V . Then
R ⊂ T ⊆ S, and hence T is a finite overring of R. But since T = RV ,
and V is the bottom element of a faithful R-tower, Lemma 5.3 yields the
contradiction that T is not a finite overring of R.
Suppose next that S kills some entire R-cycle tower, let C denote a seg-
ment consisting of all of the elements of that tower, and call the base of
that segment W . Let T be the overring of R determined by merging C
into a simple module VT [Theorem 6.3]. Then V is a trivial T -tower [The-
orem 6.4] and V ∼= W ⊗R T [Theorem 4.4]. Let T ′ be the overring of T
that kills precisely W together with the simple R-modules killed by T . Then
R ⊂ T ⊂ T ′ ⊆ S since each of these rings kills more simple R-modules than
the previous one.
The T -module V ∼= W ⊗R T is the unique simple T -module killed by T ′
[Remarks 4.5]. Since V is a trivial cycle T -tower, T ′T is not finitely generated
[Lemma 5.3], and hence T ′R is not finitely generated. This is a contradiction
since SR is finitely generated and R is Noetherian.
Finally, note that, since SR is finitely generated, S/RR has finite length
[Lemma 2.3] and the simple R-modules killed by S are those occurring
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as its composition factors [Theorem 4.2(iii)]. So only finitely many simple
R-modules are killed by S.
(iii) ⇒ (ii) Any finite collection of simple R-modules can be expressed
as a disjoint union of noncontiguous segments of R-towers, where “non-
contiguous” means that the base element of one segment is never the top
element of another. Let M′ be the collection of noncontiguous segments
obtained by applying this to the set of simple R-modules killed by S. Then
by (iii) we see that the base element of each of these segments always has
a successor, and this successor is not killed by S. Let M be the collection
of segments obtained by adjoining this successor to every segment of M′.
Then, by Theorem 6.3, S is the overring determined by merging the seg-
ments in M.
(ii)⇒(i) This is part of Theorem 6.3.
Proposition 6.6. Let S be an overring of R such that SR is finitely gen-
erated. Then RS is finitely generated if and only if no simple right R-module
killed by S is faithful.
Proof. Since SR is finitely generated, S/RR has finite length [Lemma
2.3] and therefore the simple right R-modules killed by S are the composi-
tion factors of S/RR [Theorem 4.2].
Suppose that RS is finitely generated. Since Rquo is a right quotient ring
of R we can choose a common right denominator d for some finite set of
generators of RS. Then Sd ⊆ R and therefore S/Rd = 0. This shows that
S/RR, and hence all of its composition factors, are unfaithful.
Conversely, suppose that all composition factors of S/RR are unfaithful.
Then S/RR is annihilated by a nonzero ideal of the prime Goldie ring
R, and hence by a regular element d of R. Therefore Sd ⊆ R and hence
S ⊆ Rd−1. Since the ring R is Noetherian, RS is therefore finitely generated.
Remark 6.7. (i) It is probably worth commenting here about one con-
sequence of the results above. One of the unusual features of a typical HNP
ring R which does not occur for Dedekind prime rings (or, in particular,
for commutative Dedekind domains) is the presence of nontrivial towers of
simple modules. However, Theorem 6.4 shows that such a tower is noth-
ing more than the R-composition factors of a simple S-module for some
finite localization S of R, namely, any finite overring that merges a segment
consisting of all of the elements of the tower into a single simple module.
(ii) The proof of Theorem 6.3 introduces a ring T lying between R
and its finite overring S. This is chosen in such a way that S and T comprise
the two rings of a basic situation, with T the idealizer of some isomaximal
right ideal of S. An easy induction argument shows that one can obtain a
finite descending chain of rings leading from S to R, with consecutive rings
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being linked in the same way as S and T . Thus one may view several of the
proofs above as extending the results of Section 5 from one idealizer step
to a finite number of such steps.
7. INTEGRAL OVERRINGS, MERGING
In the preceding section we studied the overrings S of R determined
by merging a finite set of disjoint segments of towers and, in particular,
saw that the rings S concerned are precisely the finite overrings of R. Of
course, Definition 6.1 applies also to infinite sets; and Lemma 6.2 demon-
strates that, if S exists, then it is uniquely specified by killing all the simple
modules, except the bases, of the segments concerned. In this section, we
demonstrate that such rings S do always exist and that they are distin-
guished by being integral overrings, as mentioned in the Introduction. First
we recall the definition.
Definition 7.1. Let S be an overring of R. We call S integral (more
precisely, “right integral”) over R if, for every finite set of elements xi of S,
the subring Rx1; x2; : : : ; xn generated by R and the set of xi is a finitely
generated right R-module; i.e., Rx1; x2; : : : ; xn is a finite overring of R.
Of course, since R is Noetherian, every finite overring of R is integral.
Before connecting this with merging, we discuss some equivalent condi-
tions upon S, starting with one familiar in the commutative case:
Lemma 7.2. The following assertions about an overring S of R are equiv-
alent.
(i) S is an integral overring of R.
(ii) Every finitely generated R-submodule of S is contained in a finite
overring of R.
Proof. (i)⇒ (ii) Let H =Pni=1 xiR be a finitely generated R-submodule
of S. By (i), the ring Rx1; x2; : : : ; xn is a finitely generated right R-module
which contains H, as desired.
(ii)⇒ (i) Let the xi ∈ S be given. By (ii), the finitely generated R-moduleP
i xiR is contained in some ring S′ that is a finite overring of R. Since S′
is a ring containing R and the xi we have Rx1; x2; : : : ; xn ⊆ S′. Since
R is Noetherian, the submodule Rx1; x2; : : : ; xn of the finitely generated
R-module S′ is again finitely generated, as desired.
Next we tie in integrality of S with the simple modules killed by S.
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Theorem 7.3. The following assertions about an overring S of R are
equivalent.
(i) S is an integral overring of R.
(ii) S kills neither any entire cycle R-tower nor the base of any faithful
R-tower.
Proof. (i) ⇒ (ii) Choose an R-tower C, and let K be the subset of C
that is killed by S. Note, using Theorem 4.2(iii), that there is a finitely gen-
erated submodule H/R of S/R that has every W ∈ K as an R-composition
factor. By (i) and Lemma 7.2, some finite overring S′ of R contains H.
Of course, S′ might kill simple modules in addition to those in K. Let T
be the overring of R that kills precisely the simple modules in K. Then
T ⊆ S′, by Theorem 4.2. Since R is Noetherian, this implies that TR is
finitely generated; i.e., T is a finite overring of R. Therefore, by the finite
case [Corollary 6.5], K is not an entire cycle R-tower, and it does not in-
clude the base of any faithful R-tower.
(ii)⇒ (i) Choose a finitely generated R-submodule H of S. By adding R
we may assume that H ⊇ R. Then the R-module H/R has finite length
[Lemma 2.3] and its finitely many composition factors are all killed by
S [Theorem 4.2(iii)]. Let T be the overring of R that kills precisely the
composition factors of H/R. Then H ⊆ T ⊆ S by Theorem 4.2(i). The
simple modules killed by T are finite in number. Moreover, they satisfy
the conditions for the application of Corollary 6.5. Therefore TR is finitely
generated. Then (i) follows by Lemma 7.2.
Corollary 7.4. Let S be an integral overring of R and T an overring
with R ⊆ T ⊆ S. Then T is a finite overring of R if and only if it kills only
finitely many of the simple R-modules killed by S.
Proof. This is immediate from the theorem together with Corollary 6.5.
The theorem is also useful in establishing another familiar-looking char-
acterization of integrality.
Corollary 7.5. Let S be an overring of R. Then S is integral over R if
and only if every element x ∈ S is integral over R; that is, Rx is a finite
overring of R.
Proof. To prove the nontrivial half of the corollary, suppose that S is
not integral over R. We need to find an element x ∈ S such that Rx is
not finite over R. Since S is not integral, there are two possibilities [Theo-
rem 7.3], which we consider separately.
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Case 1. S kills the base element W of some faithful R-tower C. Let
T be the overring, R ⊂ T ⊆ S that kills precisely W . Since T kills the
base element of a faithful R-tower, T is not finite over R [Corollary 6.5].
Moreover, since T kills precisely one simple R-module, T is a minimal
overring of R [Theorem 4.2]. Therefore Rx = T for every x ∈ T − R,
and Case 1 is complete.
Case 2. S kills all of the elements of some cycle R-tower C. We can
arrange, by replacing S by a smaller overring of R, that S kills precisely the
simple R-modules in C. Since this new S kills an entire cycle tower, S is
not finite over R [Corollary 6.5].
By Theorem 4.2(iii) the right R-module S/R contains a simple submodule
W killed by S. Let U be the uniserial R-module associated with the segment
consisting of all elements of C and having W as its base. Then the socle of
U is W .
We claim that Rquo/R has a submodule isomorphic to U . Note first
that since R is hereditary, every homomorphic image of every injective
R-module is again injective [1, Chap. 1, Theorem 5.4]. Therefore the R-
module Rquo/R is injective and hence contains an injective hull H of W .
Let n be the number of elements of C. Goodearl and Warfield proved
[6, Theorems 19, 20] that the set of submodules of H forms an infinite
sequence · · · ⊃ Hn ⊃ Hn−1 ⊃ · · · ⊃ H0 = 0 whose bottom n composition
factors enumerate the elements of C. Therefore, by uniqueness of the unis-
erial module associated with a segment [Theorem 3.9] we have Hn ∼= U and
the claim is proved.
Now we may assume that U is a submodule of Rquo/R; and it is cyclic
since it is uniserial. Choose any generator x+R of U . We prove that x has
the required properties by showing that Rx = S.
Since every composition factor of xR+R/R = U is killed by S we have
x ∈ S by Theorem 4.2(i), and therefore Rx ⊆ S. On the other hand, the
set of simple R-modules killed by Rx coincides with the set of compo-
sition factors of cyclic submodules of Rx/R [Theorem 4.2(iii)] and this
includes all simple modules in C since U ⊆ Rx/R. Therefore S ⊆ Rx
and our proof is complete.
Proposition 7.6. Let S be a (right) integral overring of R. Then S is left
integral if and only if no simple right R-module killed by S is faithful.
Proof. Suppose that S kills some faithful simple right R-module W , and
let T be the overring of R that kills precisely W . Since S is right integral
over R, the ring T is right finite over R [Corollary 7.4]. Therefore, by
Proposition 6.6, the finite case of the proposition we are proving, T is not
left finite over R. But since T is right finite over R, it is a finitely generated
ring extension of R. Therefore S is not left integral over R.
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Conversely, suppose that S kills no faithful simple right R-module, and
let R ⊆ T ⊆ S where T is a finitely generated ring extension of R. Since
S is right integral over R, the set of simple R-modules killed by T is a
finite subset of those killed by S [Proposition 7.4]. Hence it consists only
of unfaithful modules; and so, by Proposition 6.6, T is left finite over R, as
desired.
We now connect these notions with merging.
Theorem 7.7. Let M be a collection of nontrivial disjoint segments of R-
towers, and let S be an overring.
(a) The following are equivalent:
(i) S is the overring of R determined by merging the segments in M.
(ii) S is the overring of R that kills precisely those simple R-modules
in the segments in M but excluding their bases.
(b) When the conditions hold, S is an integral overring of R.
(c) Moreover, every integral overring of R has this form for some M.
Consequently, there is an overring of R determined by merging the segments
in M.
Proof. First we consider the final statement of the theorem (which was
promised below Definition 6.1). This follows directly from (a) since the ring
described in (ii) is known to exist, by Theorem 4.2.
(a) (i)⇒ (ii) This is Lemma 6.2(iv).
(a) (ii) ⇒ (i) and (b) S is integral over R by Theorem 7.3. Next we
show that any simple R-module V that belongs to no segment in M is a
simple S-module; that is, the natural R-homomorphism τ:V → V ⊗R S is
an isomorphism. Since S does not kill V and VR is simple, we conclude
that τ is one-to-one. In fact, the natural map τT :V ⊗R T → V ⊗R S is one-
to-one for every ring T such that R ⊆ T ⊆ S because V ⊗ 1 is a simple,
essential R-submodule of V ⊗R T [Theorem 4.4]. Since S is integral over
R it is a union of finite overrings T of R. Thus we can view V ⊗R S as
the union of the R-modules V ⊗ T . Thus it now suffices to prove that
V ⊗R T = V for every such T .
The simple R-modules killed by T are a finite subset of those killed by S
[Corollary 7.4]. Therefore, by the finite case [Theorem 6.3], T is determined
by merging a finite number of subsegments of the segments in M. Since V
does not belong to any of the segments in M we conclude from the finite
case that V ⊗R T = V as desired.
Next consider a segment K in M. Let R′ be the overring of R determined
by merging K and let U be the uniserial R-module associated with K. Then
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U is a simple R′-module. By Theorem 6.4, the towers of R′ are the same as
those of R except that U replaces the segment K in the tower containing it.
One can now view S as the overring of R′ which kills the simple modules
of R′ which belong to the same segments as before, but with K removed.
Since the R′-module U is simple, the case previously considered shows
that U = U ⊗R′ S; and therefore U = U ⊗R S [Remarks 4.5].
(c) Let K be the set of simple R-modules killed by S. As in the
proof of Corollary 6.5, we can express K uniquely as the union of a set
M′ of noncontiguous segments of R-towers. The base element of each of
these segments has a successor by Theorem 7.3. Let M be the set of seg-
ments obtained from M′ by adjoining the successor of the base element
of each segment in M′. Then M is a disjoint set of R-segments (because
of the “noncontiguous” condition). The desired result now follows from
(a)(ii)⇒ (i).
Lemma 7.8. Let S be an integral overring of R and let X be an S-module
of finite length. Then there is a finite overring T , R ⊆ T ⊆ S, such that all
S-composition factors of X are simple T -modules. For any such T , the T -
submodules and S-submodules of X coincide.
Proof. S is determined by merging some set M of disjoint, nontrivial
segments of R-towers [Theorem 7.7]. Each composition factor of XS has
only finitely many R-composition factors (by the definition of “merging”).
Therefore all of the R-composition factors of X are contained in a finite
subset of the segments in M.
By Corollary 7.4 there is a finite overring T of R determined by merging
this finite set of segments. We claim that T has the required properties. By
construction, every S-composition factor of X is also a simple T -module.
Hence every T -composition factor V of X is a simple S-module and so
V ⊗T S ∼= V . It suffices now to prove that any T -submodule X ′ of X is an
S-module. Thus we want to prove that the natural map τ:X ′ → X ′ ⊗T S is
a bijection.
First we check that τ is one-to-one. Suppose not, and choose a sim-
ple module VT ⊆ ker τ. Then, by flatness of T S [Theorem 4.2], we have
V ⊗T S = 0. But since V is an S-module we have V ⊗T S ∼= V 6= 0, a
contradiction.
Next we show that τ is a surjection. Since τ is a monomorphism it suffices
to show that the T -composition length of X ′ ⊗T S is equal to that of X ′.
Starting with a composition series for X ′T , tensoring all of its terms by
S, and again using flatness of S, yields an S-submodule series of X ′ ⊗T S
whose factors have the form V ⊗T S for various composition factors V of
X ′T . However, V ⊗T S ∼= V which is a simple T -module, completing the
proof.
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Corollary 7.9. Let S be an integral overring of R. Every uniserial S-
module remains uniserial as an R-module. Moreover, if U is a simple S-
module, then there is an R-segment having UR as its associated uniserial mod-
ule; and if W is the base of this segment, then US ∼= W ⊗R S ∼= U ⊗R S.
Proof. By Lemma 7.8 there is a finite overring T of R such that the
given uniserial S-module is T -uniserial. This reduces the corollary to the
case that S is a finite overring of R. See Theorem 6.3 and Lemma 6.2.
Corollary 7.10. Let S be the integral overring of R determined by merg-
ing a set M of disjoint segments of R-towers. The collection TS of S-towers can
be obtained from the collection TR of R-towers by replacing each segment in M
by the simple S-module into which it is merged. Moreover, this correspondence
takes faithful towers to faithful towers and cycle towers to cycle towers.
Proof. Choose an S-tower CS , and let VS be its associated uniserial mod-
ule. Then VR is again uniserial [Corollary 7.9] and therefore its composition
factors form a segment of an R-tower. (The required unfaithfulness con-
ditions are easy to check, as in the proof of Lemma 6.2(vii).) We need to
show that these R-composition factors form an entire R-tower. If not, this
R-segment can be extended—at one or both ends—to form an R-tower.
Suppose that the bottom R-composition factor X of V has a successor
Y . (The case of the top factor having a predecessor is analogous.) The
integral overring S is formed by merging disjoint R-segments [Theorem 7.7].
Therefore there is an R-segment (possibly a trivial one) merged by S and
having Y as its top. Let W be its associated uniserial R-module. By the
definition of merging, W is a simple S-module.
The R-composition factors of V followed by those of W form an R-
segment, and the existence of the uniserial module associated with this
segment shows that Ext1RV;W  6= 0. Since V;W are S-modules, this implies
that Ext1SV;W  6= 0 [Lemma 4.6]. Since W is R-unfaithful, it is S-unfaithful
and therefore W is the successor of the bottom element V of the S-tower
CS , a contradiction.
Corollary 7.11. An integral overring of an integral overring of R is an
integral overring of R.
Proof. Let S be an integral overring of R, and T one of S. Corollary 7.10
shows that any merging of segments of towers of S has the same effect as
merging more or longer segments in R itself. Hence, by Theorem 7.7, T is
an integral overring of R.
Definition 7.12. We call an overring S of R a Dedekind closure of R if
S is both integral over R and a Dedekind prime ring.
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Lemma 3.11 established conditions upon the towers of an HNP ring
which ensure that it is a Dedekind prime ring or an HNP ring with enough
invertible ideals. The theory developed in this section enables us to describe
precisely those integral overrings S of R which fall into these two special
classes. Such overrings are used in the companion article [8] to this paper.
Theorem 7.13. (i) R has at least one Dedekind closure.
(ii) The set of Dedekind closures of R coincides with the set of maximal
integral overrings of R.
(iii) Convert each complete tower into a segment—this requires the
choice of a base in each cycle tower. Let M be the set of segments so obtained.
Then the ring S determined by merging the segments in M is a Dedekind
closure of R; and every Dedekind closure of R can be obtained in this fashion.
Proof. (i) Let S be obtained as in (iii). By Corollary 7.10, S has only
trivial towers and so, by Lemma 3.11, is a Dedekind prime ring.
(ii), (iii) Let S be integral over R. Then Theorem 7.7 shows that S merges
some collection of disjoint segments of R-towers and is a maximal integral
overring if and only if it is as described in (iii). Likewise, by Corollary 7.10,
S is a Dedekind prime ring only if every R-tower is merged to a single
simple module.
Corollary 7.14. If R has no invertible ideals then there is a unique
Dedekind closure of R.
Proof. This follows from Theorem 7.13 since no choices of base in cycle
towers are involved here.
Example 7.15. R can have nonisomorphic Dedekind closures, even for
classical hereditary orders. For example, let D be a commutative Dede-
kind domain whose ideal class group has order 2; for example, let D =
p−5. Let I be a nonprincipal, maximal ideal of D. Then S = M2D
is a classical maximal order which has a maximal right ideal
A =
 
I I
D D
!
:
Let R = 	SA; then R is an HNP ring and one can check that
R =
 
D I
D D
!
:
This ring has one nontrivial tower, a cycle tower of length 2 [Lemma 5.1].
There are, therefore, two classical maximal D-orders containing it, namely,
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S and the ring
T = OlA =
 
D I
I−1 D
!
;
where I−1 is the inverse ideal of I in the field of fractions of D. As noted
in [10, above 3.5.7], T is not a full 2× 2 matrix ring; so T is not isomorphic
to S.
Of course, each Dedekind closure of R has enough invertible ideals.
This particular feature can always be obtained in a unique minimal such
overring.
Theorem 7.16. Among the integral overrings of R which have enough
invertible ideals, there is a unique minimal one. It is obtained from R by
merging every faithful tower.
Proof. As in the proof of Theorem 7.13, one combines Corollary 7.10
with Lemma 3.11.
Finally we turn toward another characterisation of integral overrings. An
R-module is a “generator” in the category of R-modules if it maps onto
every simple R-module. The next theorem shows that integral extensions of
R are determined by how far they are from mapping onto every unfaithful
simple R-module W . Note, for use below, that an R-module X maps onto
W if and only if X 6= XN where N = annW . (This is an easy consequence
of the fact that X/XN is a module over the simple Artinian ring R/N .)
Theorem 7.17. Let F be any collection of unfaithful simple right R-
modules containing no entire cycle tower.
(i) There exists a unique integral overring S = RngF  (“not generate
F ”) of R, whose construction is described at the start of the proof below, such
that S maps onto precisely those unfaithful simple R-modules W such that
W /∈ F .
Moreover:
(ii) RngF  ⊆ RngG ⇐⇒ F ⊆ G.
(iii) Every integral overring of R equals RngF  for some unique F .
(iv) RngF  is a finite overring of R if and only if F is a finite set.
(v) Let P be a projective R-module. Then P is an RngF -module if
and only if P maps onto none of the simple modules in F .
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Proof. First we describe the construction of RngF . As noted in the
proof of Theorem 7.7(c), the set F can be written uniquely as the union of
a set M′ of disjoint, noncontiguous segments of towers.
We claim that the top element of every segment in M′ has a predecessor.
To see this, let W be the top element of some segment in M′. If W belongs
to a cycle tower, then W has a predecessor because every element of every
cycle tower has a predecessor. If W belongs to a faithful tower, this holds
because W is unfaithful, and therefore is not the top element of that tower.
Let M denote the collection of segments obtained by adjoining, to each
segment in M′, the predecessor of its top element. Arguing as in the proof
of Theorem 7.7(c), one sees that M is a well-defined collection of disjoint
segments of towers.
Finally, let S = RngF  be the overring of R determined by merging the
segments in M. This is integral over R by Theorem 7.7.
(ii)–(iv) These are immediate consequences of Theorem 7.7 and Corol-
lary 6.5.
(i) Let C′ = W1; : : : ;Wn be one of the segments in M′, and C =
W0;W1; : : : ;Wn the corresponding segment in M. Thus n ≥ 1 and W0 6∈ F .
First we claim that Wi is not a homomorphic image of S when i 6= 0.
Let T = RWi−1, the overring of R that kills precisely Wi−1, and hence
the overring determined by merging the segment Wi−1;Wi into a simple T -
module. Then R ⊂ T ⊆ S because S kills every simple right R-module that
T kills, namely, Wi−1. Since Wi−1 is neither an entire cycle R-tower nor the
bottom element of a faithful R-tower, Lemma 5.3 shows that R = 	T N
as in basic situation (5.0.1), where Wi−1;Wi are called V; W , respectively.
Moreover N = annRWi by Lemma 5.1(ii) and the fact that N is a two-
sided ideal of R.
Note that, as stated in basic situation (5.0.1), TN = T . Left multiplying
this by S yields SN = S. Thus SR does not map onto Wi, as claimed.
Next we show that W0 is an image of S. Let U be the uniserial R-module
associated with the segment C. Then, by the definition of merging, U is a
simple S-module. Therefore the S-module S maps onto U . Moreover, the
R-module U maps onto its top composition factor W0; and therefore SR
maps onto W0, as desired.
Finally we need to show that S maps onto every simple right R-module
W that does not belong to any of the segments in M. This is so because, by
the definition of merging, every such W is a simple S-module in a natural
way.
Thus we have shown that, for every F , there is an integral overring S
with the desired mapping property with respect to F —namely, the ring that
merges M. That the ring S is uniquely determined by F can be seen as fol-
lows. As F ranges through all possible sets of unfaithful simple R-modules
not containing any entire cycle towers, M ranges through all collections
336 levy and robson
of disjoint segments of R-towers in a one-to-one fashion. Moreover, as M
ranges through all such collections of segments, the ring determined by M
ranges through all integral extensions of R, again in a one-to-one fashion
[Theorem 7.7 and Lemma 6.2].
(v) Assume first that P is an S-module; that is, P ∼= P ⊗R S. However,
since P is a projective R-module, P ⊗R S is a projective S-module. So P
is a projective S-module. We need to show that P maps onto no W ∈ F .
Suppose it does. The projective S-module P is a direct summand of some
free S-module; and this free S-module—when considered as an R-module—
therefore maps onto W . Therefore SR maps onto W , a contradiction since
S = RngF .
Conversely, suppose that PR maps onto no W ∈ F . For each W ∈ F ,
let W ′ be the predecessor of W in the tower containing W . Then let
RW ′ be the overring that kills precisely W ′; so R ⊂ RW ′ ⊆ S. Note
that W ′  W ∈ F  is the set of simple R-modules killed by S. Therefore
S is generated by the rings RW ′ (W ∈ F ) [Lemma 4.3]. If we can show
that P = P·RW ′ for every W ∈ F , it follows that P = PS as desired.
Since each RW ′ kills precisely one simple R-module, and this module
W ′ is neither the unique element of a cycle R-tower nor the base element of
a faithful R-tower, Lemma 5.3, with V = W ′, shows that R is the idealizer
R = 	RW ′N of the right ideal N of RW ′, as in basic situation (5.0.1),
with RW ′/R ∼= W ′n for some n.
Parts (i) and (ii) of Lemma 5.1 show, respectively, that N is a nonzero
maximal ideal of R and that N = annRW . This, combined with the hy-
pothesis that PR does not map onto W implies that PN = P . Therefore
PRW ′ = PNRW ′ = PNRW ′ = PN = P , completing the proof.
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